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Abstract
We prove that there exists a positive integer n depending only on n such that
for every smooth projective n-fold of general type X defined over complex numbers,
jmK X j gives a birational rational map from X into a projective space for every m 
n . This theorem gives an affirmative answer to Severi’s conjecture.
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1. Introduction
Let X be a smooth projective variety and let K X be the canonical bundle of X .
X is said to be a general type, if there exists a positive integer m such that the pluri-
canonical system jmK X j gives a birational (rational) embedding of X . The following
problem is fundamental to study projective varieties of general type.
PROBLEM. Find a positive integer n depending only on n such that for every
smooth projective n-fold X , jmK X j gives a birational rational map from X into a pro-
jective space for every m ≧ n .
2000 Mathematics Subject Classification. 14J40, 32J18.
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If X is a projective curve of genus ≧ 2, it is well known that j3K X j gives a projec-
tive embedding. In the case that X is a smooth projective surface of general type,
E. Bombieri showed that j5K X j gives a birational rational map from X into a projec-
tive space ([3]). But for the case of dim X ≧ 3, very little is known about the above
problem.
The main purpose of this article is to prove the following theorems in full gen-
erality.
Theorem 1.1. There exists a positive integer n which depends only on n such
that for every smooth projective n-fold X of general type defined over complex num-
bers, jmK X j gives a birational rational map from X into a projective space for every
m ≧ n .
Theorem 1.1 is very much related to the theory of minimal models. It has been
conjectured that for every nonuniruled smooth projective variety X , there exists a pro-
jective variety Xmin such that
1. Xmin is birationally equivalent to X ,
2. Xmin has only Q-factorial terminal singularities,
3. K Xmin is a nef Q-Cartier divisor.
Xmin is called a minimal model of X . To construct a minimal model, the minimal
model program (MMP) has been proposed (cf. [15, p.96]). The minimal model pro-
gram was completed in the case of 3-folds by S. Mori ([19]).
The proof of Theorem 1.1 can be very much simplified, if we assume the exis-
tence of minimal models for projective varieties of general type and has been trieated
in [35]. The proof here is modeled after the proof in [35] by using the theory of AZD
originated by the author ([27, 28]).
The major difficulty of the proof of Theorem 1.1 is to find “a (universal) lower
bound” of the positivity of K X . In fact Theorem 1.1 is equivalent to the following
theorem.
Theorem 1.2. There exists a positive number Cn which depends only on n
such that for every smooth projective n-fold X of general type defined over complex
numbers,
(X , K X ) := n!  lim
m!1
m  dim X dim H 0(X , OX (mK X )) ≧ Cn
holds.
We note that (X , K X ) is equal to the intersection number K nX for a minimal projective
n-fold X of general type. In Theorems 1.1 and 1.2, the numbers n and Cn have not
yet been computed effectively.
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The relation between Theorems 1.1 and 1.2 is as follows. Theorem 1.2 means that
there exists a universal lower bound of the positivity of canonical bundle of smooth
projective variety of general type with a fixed dimension. On the other hand, for a
smooth projective variety of general type X , let us consider the lower bound of m
such that jmK X j gives a birational embedding. Such a lower bound depends on the
positivity of K X on certain subvarieties which appear as the strata of the filtrations as
in [31, 1] (cf. Section 3.1).
The positivity of K X on the subvarieites can be related to the positivity of the
canonical bundles of the smooth models of the subvarieties via the subadjunction theo-
rem due to Kawamata ([11]). We note that for a smooth projective variety X of general
type there exists a nonempty open subset U0 in countable Zariski topology such that
for every x 2 U0, any subvariety containing x is of general type.
The organization of the paper is as follows. In Section 2, we review the basic
techniques to prove Theorems 1.1 and 1.2.
In Section 3, we prove Theorems 1.1 and 1.2 without assuming the existence of
minimal models for projective varieties of general type. Here we use the AZD (cf. Sec-
tion 2.2) of K X instead of minimal models. And we use the subadjunction theorem
(Theorem 2.24) and the positivity theorem (Theorem 2.30) due to Kawamata.
In Section 4, we discuss the application of Theorems 1.1 and 1.2 to Severi-Iitaka’s
conjecture.
In this paper all the varieties are defined over C.
This is the continuation of the paper [35] and is a transcription of the latter half
of [34].
After the completion of this work (see math.CV/0409318), I saw the paper
“Boundedness of pluricanonical maps of varieties of general type”, math.AG/0504327
written by C. Hacon and J. McKernan. And very recently the following two papers ap-
peared and proved the same result in this paper and [34].
C. Hacon and J. McKernan: Boundedness of pluricanonical maps of varieties of general type,
Invent. Math. 166 (2006), 1–25.
S. Takayama: Pluricanonical systems of varieties of general type, Invent. Math. 165 (2006),
551–587.
Their proofs follow the strategy and the arguments in this paper and [34, 35] as they
admitted in their papers. As in this paper, in their proofs, the crucial tool is the exten-
sion theorem of sections of multi adjoint bundles from the subvariety to the ambient
variety (cf. Theorems 2.24 and 2.25 below).
The only difference between their proofs and the one in here is that the extension
theorem is from a divisor in their proofs, while in my proof the extension is from a
subvariety of arbitrary codimension. In fact the main ingredient in their articles are
the extension theorems for multi log canonical forms and are very much similar to the
subadjunction theorem in this paper (Theorem 2.25) including its proof (they employed
the same argument of Siu). The rest of the papers are essentially the same as [35]
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except that their proofs are written in algebro geometric languages.
2. Preliminaries
In this section, we shall summerize the basic analyic tools to prove Theorems 1.1
and 1.2 by transcripting the proof of Theorems 1.1 and 1.2 assuming MMP ([35]).
2.1. Multiplier ideal sheaves and singularities of divisors. In this subsection,
we shall review the relation between multiplier ideal sheaves and singularities of divi-
sors. Throughout this subsection L will denote a holomorphic line bundle on a com-
plex manifold M .
DEFINITION 2.1. A singular hermitian metric h on L is given by
h = e '  h0,
where h0 is a C1-hermitian metric on L and ' 2 L1loc(M) is an arbitrary function on
M . We call ' the weight function of h with respect to h0.
The curvature current 2h of the singular hermitian line bundle (L , h) is defined by
2h := 2h0 +
p
 1 ¯',
where  ¯ is taken in the sense of a current. The L2-sheaf L2(L , h) of the singular
hermitian line bundle (L , h) is defined by
L2(L , h)(U ) :=  2 0(U , OM (L))

 h( ,  ) 2 L1loc(U )
	
,
where U runs over the open subsets of M . In this case there exists an ideal sheaf I(h)
such that
L2(L , h) = OM (L)
 I(h)
holds. We call I(h) the multiplier ideal sheaf of (L , h). If we write h as
h = e '  h0,
where h0 is a C1 hermitian metric on L and ' 2 L1loc(M) is the weight function, we
see that
I(h) = L2(OM , e ')
holds. For ' 2 L1loc(M) we define the multiplier ideal sheaf of ' by
I(') := L2(OM , e ').
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EXAMPLE 2.2. Let m be a positive integer. Let  2 0(X ,OX (mL)) be the global
section. Then
h :=
1
j j
2=m =
h0
 
hm0 ( ,  )
1=m
is a singular hemitian metric on L , where h0 is an arbitrary C1-hermitian metric on
L (the righthand side is ovbiously independent of h0). The curvature 2h is given by
2h =
2
p
 1
m
( ),
where ( ) denotes the current of integration over the divisor of  .
DEFINITION 2.3. L is said to be pseudoeffective, if there exists a singular her-
mitian metric h on L such that the curvature current 2h is a closed positive current.
Also a singular hermitian line bundle (L , h) is said to be pseudoeffective, if the
curvature current 2h is a closed positive current.
Let m be a positive integer and fi g a finite number of global holomorphic sections
of mL . Let  be a C1-function on M . Then
h := e  
1
P
i ji j
2=m
defines a singular hermitian metric on L . We call such a metric h a singular hermitian
metric on L with algebraic singularities. Singular hermitian metrics with algebraic sin-
gularities are particulary easy to handle, because its multiplier ideal sheaf of the metric
can be controlled by taking a resolution of the base scheme
T
i (i ).
Let D =
P
ai Di be an effective Q-divisor on X . Let i be a section of OX (Di )
with divisor Di respectively. Then we define
I(D) : = I
 
X
i
ai log hi (i , i )
!
and call it the multiplier ideal sheaf of the divisor D, where hi denotes a C1-hermitian
metric of OX (Di ) respectively. It is clear that I(D) is independent of the choice of the
hermitian metrics fhi g.
Let us consider the relation between I(D) and singularities of D.
DEFINITION 2.4. Let X be a normal variety and D =
P
i di Di an effective
Q-divisor such that K X + D is Q-Cartier. If  : Y ! X is a log resolution of the pair
(X , D), i.e.,  is a composition of successive blowing ups with smooth centers such
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that Y is smooth and the support of f D is a divisor with normal crossings, then we
can write
KY +  1

D = (K X + D) + F
with F =
P
j e j E j for the exceptional divisors fE j g, where  1 D denotes the strict
transform of D. We call F the discrepancy and e j 2 Q the discrepancy coefficient for
E j . We regard  di as the discrepancy coefficient of Di .
The pair (X , D) is said to have only Kawamata log terminal singularities (KLT)
(resp. log canonical singularities (LC)), if di < 1 (resp. ≦ 1) for all i and e j >  1
(resp. ≧  1) for all j for a log resolution : Y ! X . One can also say that (X , D) is
KLT (resp. LC), or K X + D is KLT (resp. LC), when (X , D) has only KLT (resp. LC).
The pair (X , D) is said to be KLT (resp. LC) at a point x0 2 X , if (U , DjU ) is KLT
(resp. LC) for some neighbourhood U of x0.
The following proposition is a dictionary between algebraic geometry and the L2-method.
Proposition 2.5. Let D be a divisor on a smooth projective variety X . Then
(X , D) is KLT, if and only if I(D) is trivial (= OX ).
The proof is trivial and left to the reader. To locate the co-support of the multiplier
ideal the following notion is useful.
DEFINITION 2.6. A subvariety W of X is said to be a center of log canonical
singularities for the pair (X , D), if there is a birational morphism from a normal variety
 : Y ! X and a prime divisor E on Y with the discrepancy coefficient e ≦  1 such
that (E) = W .
The set of all the centers of log canonical singularities is denoted by CLC(X , D). For
a point x0 2 X , we define CLC(X , x0, D) := fW 2 CLC(X , D) j x0 2 W g. We quote
the following proposition to introduce the notion of the minimal center of logcanoical
singularities.
Proposition 2.7 ([12, p.494, Proposition 1.5]). Let X be a normal variety and
D an effective Q-Cartier divisor such that K X + D is Q-Cartier. Assume that X is
KLT and (X , D) is LC. If W1, W2 2 CLC(X , D) and W an irreducible component of
W1 \ W2, then W 2 CLC(X , D). This implies that if (X , D) is LC but not KLT, then
there exists the unique minimal element of CLC(X , D). Also if (X , D) is LC but not
KLT at a point x0 2 X , then there exists the unique minimal element of CLC(X , x0, D).
We call these minimal elements the minimal center of LC singularities of (X , D) and
the minimal center of LC singularities of (X , D) at x0 respectively.
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2.2. Analytic Zariski decomposition. To study a pseudoeffective line bundle
we introduce the notion of analytic Zariski decompositions. By using analytic Zariski
decompositions, we can handle a pseudoeffective line bundle, as if it were a nef line
bundle.
DEFINITION 2.8. Let M be a compact complex manifold and let L be a line
bundle on M . A singular hermitian metric h on L is said to be an analytic Zariski
decomposition (AZD in short), if the followings hold.
1. 2h is a closed positive current,
2. for every m ≧ 0, the natural inclusion
H 0(M , OM (mL)
 I(hm)) ! H 0(M , OM (mL))
is isomorphim.
REMARK 2.9. If an AZD exists on a line bundle L on a smooth projective va-
riety M , L is pseudoeffective by the condition 1 above.
Theorem 2.10 ([27, 28]). Let L be a big line bundle on a smooth projective va-
riety M . Then L has an AZD.
As for the existence for general pseudoeffective line bundles, now we have the follow-
ing theorem.
Theorem 2.11 ([6, Theorem 1.5]). Let X be a smooth projective variety and let
L be a pseudoeffective line bundle on X . Then L has an AZD.
Although the proof is in [6], we shall give a proof here, because we shall use it after-
ward.
Let h0 be a fixed C1-hermitian metric on L . Let E be the set of singular hermit-
ian metric on L defined by
E =

h; h : lowersemicontinuous singular hermitian metric on L ,
2h is positive,
h
h0
 1

.
Since L is pseudoeffective, E is nonempty. We set
hL = h0  inf
h2E
h
h0
,
where the infimum is taken pointwise. The supremum of a family of plurisubharmonic
functions uniformly bounded from above is known to be again plurisubharmonic, if we
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modify the supremum on a set of measure 0 (i.e., if we take the uppersemicontinuous
envelope) by the following theorem of P. Lelong.
Theorem 2.12 ([17, p.26, Theorem 5]). Let f't gt2T be a family of pluri-
subharmonic functions on a domain  which is uniformly bounded from above on ev-
ery compact subset of . Then  = supt2T 't has a minimum uppersemicontinuous
majorant   which is plurisubharmonic. We call   the uppersemicontinuous enve-
lope of  .
REMARK 2.13. In the above theorem the equality  =   holds outside of a set
of measure 0 (cf. [17, p.29]).
By Theorem 2.12, we see that hL is also a singular hermitian metric on L with
2hL  0. Suppose that there exists a nontrivial section  2 0(X , OX (mL)) for some
m (otherwise the second condition in Definition 2.8 is empty). We note that
1
j j
2=m
gives the weight of a singular hermitian metric on L with curvature 2m 1( ), where
( ) is the current of integration along the zero set of  . By the construction we see
that there exists a positive constant c such that
h0
j j
2=m  c  hL()
holds. Hence
 2 H 0(X , OX (mL)
 I1(hmL ))
holds. In praticular
 2 H 0(X , OX (mL)
 I(hmL ))
holds. This means that hL is an AZD of L .
REMARK 2.14. By the above proof (see ()) we have that for the AZD hL con-
structed as above
H 0(X , OX (mL)
 I1(hmL )) ' H 0(X , OX (mL))
holds for every m, where I
1
(hmL ) denotes the L1-multiplier ideal sheaf, i.e., for every
open subset U in X ,
I
1
(hmL )(U ) :=
 f 2 OX (U )


j f j2(hL=h0)m 2 L1loc(U )
	
,
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where h0 is a C1-hermitian metric on L .
Entirely the same proof as that of Theorem 2.11, we obtain the following corollary.
Corollary 2.15. Let (L , h0) be a singular hermitian line bundle on a compact
Kähler manifold (X , !). Suppose that
E(L , h0) :=

' 2 L1loc(X )


' ≦ 0, 2h0 +
p
 1 ¯' ≧ 0
	
is nonempty. Then if we define the function 'P 2 L1loc(X ) by
'P (x) := supf'(x) j ' 2 Eg (x 2 X ).
Then h := e 'P  h0 is a singular hermitian metric on L such that
1. 2h ≧ 0.
2. H 0(X , OX (mL)
 I1(hm)) ' H 0(X , OX (mL)
 I1(hm0 )) holds for every m ≧ 0.
We call h an AZD of (L , h0). This is a slight generalization of the notion of AZD’s
of pseudoeffective line bundles.
REMARK 2.16. In Corollary 2.15, E(L , h0) is nonempty, if there exists a pos-
itive integer m0 and  2 H 0
 
X , OX (m0 L) 
 I1
 
hm00

such that hm00 ( ,  ) ≦ 1. In
this case
' :=
1
m0
log hm00 ( ,  )
belongs to E(L , h0).
2.3. The L2-extension theorem. Let M be a complex manifold of dimension n
and let S be a closed complex submanifold of M .
Then we consider a class of continuous function 9 : M ! [ 1, 0) such that
1. 9 1( 1)  S,
2. if S is k-dimensional around a point x , there exists a local coordinate system
(z1, : : : , zn) on a neighbourhood of x such that zk+1 =    = zn = 0 on S \U and
sup
UnS





9(z)  (n   k) log
n
X
j=k+1
jz j j2





<1.
The set of such functions 9 will be denoted by ℄(S)1.
1This condition is used only to define the residue volume form. We shall define the residue volume
forms for more general singular volume forms later. And the extension theorem also holds for the
generalized residue volume forms by the same proof as in [23, Theorem 4].
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For each 9 2 ℄(S), one can associate a positive measure dVM [9] on S as the
minimum element of the partially ordered set of positive measures d satisfying
Z
Sk
f d ≧ lim
t!1
2(n   k)
v2n 2k 1
Z
M
f  e 9  R(9,t) dVM
for any nonnegative continuous function f with supp f ⋐ M . Here Sk denotes the
k-dimensional component of S, vm denotes the volume of the unit sphere in Rm+1 and
R(9,t) denotes the characteristic funciton of the set
R(9, t) = fx 2 M j  t   1 < 9(x) <  tg.
Let M be a complex manifold and let (E , hE ) be a holomorphic hermitian vector
bundle over M . Given a positive measure dM on M , we shall denote A2(M , E , hE , dM )
the space of L2 holomorphic sections of E over M with respect to hE and dM . Let S
be a closed complex submanifold of M and let dS be a positive measure on S. The
measured submanifold (S, dS) is said to be a set of interpolation for (E , hE , dM ),
or for the sapce A2(M , E , hE , dM ), if there exists a bounded linear operator
I : A2(S, E jS , hE , dS) ! A2(M , E , hE , dM )
such that I ( f )jS = f for any f 2 A2(S, E jS , hE , dS). I is called an interpolation
operator. The following theorem is crucial.
Theorem 2.17 ([23, Theorem 4]). Let M be a complex manifold with a contin-
uous volume form dVM , let E be a holomorphic vector bundle over M with C1-fiber
metric hE , let S be a closed complex submanifold of M , let 9 2 ℄(S) and let KM
be the canonical bundle of M . Then (S, dVM (9)) is a set of interpolation for (E 

KM , hE 
 (dVM ) 1, dVM ), if the followings are satisfied.
1. There exists a closed set X  M such that
(a) X is locally negligble with respect to L2-holomorphic functions, i.e., for any
local coordinate neighbourhood U  M and for any L2-holomorphic function f
on U n X , there exists a holomorphic function ˜f on U such that ˜f jU n X = f .
(b) M n X is a Stein manifold which intersects with every component of S.
2. 2hE ≧ 0 in the sense of Nakano,
3. 9 2 ℄(S) \ C1(M n S),
4. e (1+)9  hE has semipositive curvature in the sense of Nakano for every  2 [0, Æ]
for some Æ > 0.
Under these conditions, there exists a positive constant C and an interpolation operator
from A2(S, E 
 KM jS , h 
 (dVM ) 1jS , dVM [9]) to A2(M , E 
 KM , h 
 (dVM ) 1.dVM )
whose norm does not exceed C  Æ 3=2. If 9 is plurisubharmonic, the interpolation
operator can be chosen so that its norm is less than 241=2.
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REMARK 2.18. In Theorem 2.17, C can be taken independent of (E , hE ) (note
that if C depends on (E , hE ), the statement of Theorem 2.17 does not make sense).
This is the same phenomena that in Ohsawa-Takegoshi extension theorem ([22, p.197,
Theorem]), C is independent of the plurisubharmonic weight function.
The above theorem can be generalized to the case that (E , hE ) is a singular hermit-
ian line bundle with semipositive curvature current (we call such a singular hermitian
line bundle (E , hE ) a pseudoeffective singular hermitian line bundle) as was remarked
in [23].
Lemma 2.19. Let M , S, 9, dVM , dVM [9], (E , hE ) be as in Theorem 2.17. Let
(L , hL ) be a pseudoeffective singular hermitian line bundle on M . Then (S, dVM [9])
is a set of interpolation for  KM 
 E 
 L , dV 1M 
 hE 
 hL

.
Let A be an ample line bundle on the complex manifold M such that there ex-
ists a section  2 H 0(M , OM (L)) whose zero locus H = f = 0g contains the all the
singularities of the subvariety S. Let 9 : M n H ! [ 1, 0) such that
1. 9 1( 1)  S n H ,
2. if S n H is k-dimensional around a point x , there exists a local coordinate system
(z1, : : : , zn) on a neighbourhood of x such that zk+1 =    = zn = 0 on S \U and
sup
UnS





9(z)  (n   k) log
n
X
j=k+1
jz j j2





<1.
Let dVM be a continuous volume form on M . Then we may define a volume form
dVM [9] on S n H . We shall extend dV [9] trivially to a singular volume form on S
and denote it again by dVM [9]. The following corollary is the immediate consequence
of Theorem 2.17.
Corollary 2.20. Let M be a complex projective manifold with a continuous vol-
ume form dVM , let E be a holomorphic vector bundle over M with C1-fiber metric
hE , let S be a subvariety of M , let 9 be the function as above and let KM be the
canonical bundle of M . Then (S, dVM [9]) is a set of interpolation for (E 
 KM , hE 

(dVM ) 1, dVM ), if the followings are satisfied.
1. 2hE ≧ 0 in the sense of Nakano,
2. 9 2 C1(M n (S [ H )),
3. e (1+)9  hE has semipositive curvature in the sense of Nakano for every  2 [0, Æ]
for some Æ > 0.
Under these conditions, there exists a constant C and an interpolation operator from
A2(S, E 
KM jS , h
 (dVM ) 1jS , dVM [9]) to A2(M , E 
KM , h
 (dVM ) 1.dVM ) whose
norm does not exceed C  Æ 3=2. If 9 is plurisubharmonic, the interpolation operator
can be chosen so that its norm is less than 241=2.
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The above corollary can be also generalized to the case that (E , hE ) is a singular
hermitian line bundle with semipositive s curvature current as was remarked in [23].
2.4. A construction of the function Ψ. Here we shall show the standard con-
struction of the function 9 in Theorem 2.17. Let M be a smooth projective n-fold and
let S be a k-dimensional (not necessary smooth) subvariety of M . Let U = fU

g be a
finite Stein covering of M and let
 f ( )1 , : : : , f ( )m( )
	
be a generator of the ideal sheaf
associated with S on U

. Let f

g be a partition of unity which subordinates to U .
We set
9 := (n   k)
X




 
m( )
X
l=1

 f ( )l


2
!
.
Then the residue volume form dV [9] is defined as in the last subsection. Here the
residue volume form dV [9] of a continuous volume form dV on M is not well de-
fined on the singular locus of S. But this is not a difficulty to apply Theorem 2.17
or Lemma 2.19, since there exists a proper Zariski closed subset Y of X such that
(X   Y ) \ S is smooth (see Corollary 2.20).
2.5. Volume of pseudoeffective line bundles. To measure the positivity of big
line bundles on a projective variety, we shall introduce the notion of volume of a pro-
jective variety with respect to a big line bundle.
DEFINITION 2.21. Let L be a line bundle on a compact complex manifold M
of dimension n. We define the volume of M with respect to L by
(M , L) := n!  lim
m!1
m n dim H 0(M , OM (mL)).
With respect to a pseudoeffective singular hermitian line bundle (for the definition of
pseudoeffective singular hermitian line bundles, see the last part of Section 2.3), we
define the volume as follows.
DEFINITION 2.22. ([29]) Let (L , h) be a pseudoeffective singular hermitian line
bundle on a smooth projective variety X of dimension n. We define the volume of X
with respect to (L , h) by
(X , (L , h)) := n!  lim
m!1
m n dim H 0(X , OX (mL)
 I(hm)).
A pseudoeffective singular hermitian line bundle (L , h) is said to be big, if (X , (L , h)) >
0 holds.
We may consider (X , (L , h)) as the intersection number (L , h)n . We also denote
(X , (L , h)) by (L , h)n . Let Y be a subvariety of X of dimension d and let Y : ˜Y ! Y
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be a resolution of Y . We define (Y , (L , h)jY ) as
(Y , (L , h)jY ) := ( ˜Y , Y (L , h)).
The righthand side is independent of the choice of the resolution  because of the
remark below. We also denote (Y , (L , h)jY ) by (L , h)d  Y .
REMARK 2.23. Let us use the same notations in Definition 2.22. Let  : ˜X ! X
be any modification. Then
(X , (L , h)) = ( ˜X , (L , h))
holds, since


(O
˜X (K ˜X )
 I(hm)) = OX (K X )
 I(hm)
holds for every m and
lim
m!1
m n dim H 0(X , OX (mL)
 I(hm))
= lim
m!1
m n dim H 0(X , OX (mL + D)
 I(hm))
holds for any Cartier divisor D on X . This last equality can be easily checked, if D
is a smooth irreducible divisor, by using the exact sequence
0 ! OX (mL)
 I(hm) ! OX (mL + D)
 I(hm) ! OD(mL + D)
 I(hm) ! 0.
For a general D, the equality follows by expressing D as a difference of two very
ample divisors.
2.6. A subadjunction theorem. Let M be a smooth projective variety and let
(L , hL ) be a singular hermitian line bundle on M such that 2hL ≧ 0 on M . We assume
that hL is lowersemicontinuous. This is a technical assumption so that a local potential
of the curvature current of hL is plurisubharmonic.
Let m0 be a positive integer. Let  2 0(M ,OM (m0 L)
I1(h)) be a global section.
Let  be a positive rational number ≦ 1 and let S be an irreducible subvariety of M
such that (M , ( )) is LC (log canonical) but not KLT (Kawamata log terminal) on
the generic point of S and (M , (  )( )) is KLT on the generic point of S for every
0 <   1. We set
9S =  log hL ( ,  ).
Suppose that S is smooth for simplicity (if S is not smooth, we just need to take an
embedded resolution to apply Theorems 2.24, 2.25 below). We shall assume that S is
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not contained in the singular locus of hL , where the singular locus of hL means the
set of points where h is +1. Let dV be a C1-volume form on M .
Then as in Section 2.3, we may define a (possibly singular) measure dV [9S] on
S. This can be viewed as follows. Let f : N ! M be a log resolution of (X , ( )).
Then as in Section 2.4, we may define the singular volume form f dV [ f 9S] on the
divisorial component of f  1(S) (the volume form is identically 0 on the components
with discrepancy >  1). The singular volume form dV [9S] is defined as the fibre
integral of f dV [ f 9S] (the actual integration takes place only on the components
with discrepancy  1). Let dS be a C1-volume form on S and let ' be the function
on S defined by
' := log
dS
dV [9S]
(dV [9S] may be singular on a subvariety of S, also it may be totally singular on S).
Suppose that there exists an AZD hS of
 
KM + d LjS , e ' 
 
dV 1  hdL



S

.
Theorem 2.24 ([33, Theorem 5.1]). Let M , S,9S , hS be as above. Suppose that
S is smooth. Let d be a positive integer such that d > m0. Then every element of
A2
 
S, OS(m(KM + d L)),
 
dV 1  hdL



S  h
m 1
S , dV [9S]

extends to an element of
H 0(M , OM (m(KM + d L))).
As we mentioned as above the smoothness assumption on S is just to make the state-
ment simpler. And it may be worthwhile to note that the weight function ' is not
necessary when dV [9S] is locally L1 on S and hL is bounded on S.
Theorem 2.24 follows from Theorem 2.25 below by minor modifications (cf. [33]).
The main difference is the fact that the residue volume form dV [9S] may be singular
on S (cf. Corollary 2.20). But this does not affect the proof, since in the L2-extension
theorem (Theorem 2.17) we do not need to assume that the manifold M is compact.
Hence we may remove suitable subvarieties so that we do not need to consider the
pole of dV [9S] on S (but of course the pole of dV [9S] affects the L2-conditions).
Theorem 2.25. Let M be a projective manifold with a continuous volume form
dV , let L be a holomorphic line bundle over M with a C1-hermitian metric hL with
semipositive curvature 2hL , let S be a compact complex submanifold of M , let
9S: M ! [ 1, 0) be a continuous function and let KM be the canonical bundle of M .
1. 9S 2 ℄(S) \ C1(M n S) (As for the definition of ℄(S), see Section 3.2),
2. 2hL e (1+)9S ≧ 0 for every  2 [0, Æ] for some Æ > 0.
Then every element of H 0(S, OS(m(KM + L))) extends to an element of
H 0(M , OM (m(KM + L))).
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For the completeness we shall give a simple proof of Theorem 2.25 (hence also The-
orem 2.24) under the additional conditions:
CONDITION. 1. KM + L is big.
2. Bsjm(KM + L)j does not contain S for some m > 0.
3. There exists a Zariski open neighbourhood U of the generic point of S in M such
that jm(KM + L)j gives an embedding of U into a projective space for every sufficiently
large m.
The reason why we put these conditions is that we only need Theorems 2.24 and 2.25
under this condition. More precisely we need to consider a little bit more general case
that hL is a singular hermitian metric with semipositve curvature current on M and
dV [9] is singular on S. But as we have already mentioned above the singularity of
dV [9] does not change the proof. And the singularity of hL will be managed in Re-
mark 2.28 below.
Let us begin the proof of Theorem 2.25 under the above additional conditions. Let
M , S, L be as in Theorem 2.25. Let n denote the dimension of M and let k denote
the dimension of S. Let hS be a canonical AZD ([28]) of KM + LjS . By Kodaira’s
lemma (cf. [14, Appendix]), there exists an effective Q-divisor B on M such that KM +
L   B is ample. By the above conditions, we may take B such that Supp B does
not contain S. In fact by the conditions, we see that for an ample line bundle H ,
jm(KM + L)  H j is base point free on the generic point of S. Then we may take B to
be the 1=m-times a general member of jm(KM + L) H j. We shall assume that Supp B
does not contain S.
Let a be a positive integer such that
1. A : = a(KM + L   B) is Cartier,
2. AjS KS ia ample and OS(AjS KS)
Mk+1x is globally generated for every x 2 S.
Let hM be a canonical AZD of KM + L and let h A be a C1 hermitian metric on A.
We shall define a sequence of the hermitian metrics f ˜hmg (m ≧ 1) inductively by: h0 =
h A and
˜K m := K (M , A + m(KM + L), dV 1  hL  ˜hm 1, dV ),
˜hm :=
1
˜K m
,
where K
 
M , A+m(KM + L), dV 1 hL  ˜hm 1, dV

is the Bergman kernel of A+m(KM +
L) with respect to the singular hermitian metric dV 1  hL  ˜hm 1 and the volume form
dV , i.e.,
K (M , A + m(KM + L), dV 1  hL  ˜hm 1, dV ) =
X
j


˜
(m)
j


2
,
where

˜
(m)
j
	
is a complete orthonormal basis of H 0(M ,OM (A+m(KM + L))
I( ˜hm 1))
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with respect to the inner product
( ˜ , ˜ 0) :=
Z
M
˜ 
¯
˜
0
 (dV 1  hL  ˜hm 1)  dV
where ˜ , ˜ 0 2 H 0(M , OM (A + m(KM + L)) 
 I( ˜hm 1)). We use the similar notations
for Bergman kernels hereafter.
Every ˜hm is a singular hermitian metric on A + m(KM + L) with semipositive cur-
vature current by definition.
Lemma 2.26. For every m ≧ 0, there exists a positive constant Cm such that
˜hm jS ≦ Cm  h AjS  hmS
holds.
Proof. We shall prove the lemma by induction on m. For m = 0 , the existence of
C0 is trivial by the definition of ˜h0. Suppose that the inequality holds for some m 1≧
0 and a positive constant Cm 1. Then by the L2-extension theorem, Theorem 2.17
implies that there exists a bounded interpolation operateor:
Im : A2(S, A + m(KM + L)jS , (dV 1  hL )jS  ˜hm 1jS , dV [9S])
! A2(M , A + m(KM + L), (dV 1  hL )  ˜hm 1, dV )
whose operator norm is bounded from above by C  Æ 3=2, where C is the positive
constant in Theorem 2.17. Hence by the induction assumption, we see that there exists
a bounded interpolation operator:
I 0m : A
2(S, A + m(KM + L)jS , (dV 1  hL )jS  (h AjS  hm 1S ), dV [9S])
! A2(M , A + m(KM + L), (dV 1  hL )  ˜hm 1, dV )
whose operator norm is bounded from above by Cm 1 C  Æ 3=2. Let K (S, A + m(KM +
L)jS , (dV 1  hL  h A)jS  hm 1S , dV [9S]) denote the Bergman kernel of A + m(KM + L)jS
with respect to the singular hermitian metric (dV 1  hL  h A)jS  hm 1S and the volume
form dV [9S] (defined as K (M , A + m(KM + L), dV 1  hL  ˜hm 1, dV ) above). Then
since for every x 2 S
˜K m(x) = supfj˜ (x)j2; ˜ 2 A2(M , A + m(KM + L), dV 1  hL  hm 1, dV ), k˜k = 1g,
and
K
 
S, A + m(KM + L)jS , (dV 1  hL  h A)jS  hm 1S , dV [9S]
(x)
= sup

j (x)j2; 2 A2 S, A + m(KM + L)jS , (dV 1  hL  h A)jS  hm 1S , dV [9S]

, kk = 1
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hold (cf. [16, p.46, Proposition 1.3.16]), we see that there exists a positive constant C
such that
˜K m jS ≧ (C  Æ 3=2) 1 C 1m 1  K
 
S, A + m(KM + L)jS , (dV 1  hL  h A)jS  hm 1S , dV [9S]

holds on S. Since there exists a positive constant C1 such that
dV 1  hL ≦ C1  hS
holds, we see that
˜K m jS ≧ (C  Æ 3=2) 1  C 1m 1  C 11  K (S, A + m(KM + L)jS , h AjS  hmS , dV [9S])(℄)
holds. By the choice of A, we see that there exists a positive constant CS (independent
of m, although this fact is not used in the proof) such that
K (S, A + m(KM + L)jS , h AjS  hmS , dV [9S]) ≧ CS  (h AjS  hmS ) 1([)
holds. This can be verified as follows. Since AjS   KS is ample, we see that there
exists a C1-hermitian metric h A=S on AjS such that the hermitian metric dV [9S] h A=S
on AjS   KS has strictly positive curvature everywhere on S.
Let x be a point on M and fA,qg a basis of H 0(S, OS(AjS   KS)
Mk+1x ). Then
in Theorem 2.17 (see also Lemma 2.19), taking 9 to be
9x :=
k
k + 1
log
X
q
dV [9S]  h A=S(A,q , A,q),
and (E , hE ) to be
(AjS   KS + m(KM + L)jS , dV [9S]  h A=S  hmS ),
by Theorem 2.17 and Lemma 2.19, we have a bounded interpolation operator:
Im,x : A2(x , A +m(KM + L)jx , h A=S hmS jx , Æx ) ! A2(S, A +m(KM + L), h A=S hmS , dV [9S]),
where Æx is the Dirac measure at x . We note that by the definition of 9x and the fact
that OS(AjS   KS)
Mk+1x is globally generated, log9x has singularity only at x and
the operator norm of the Im,x is less than or equal to C  k3=2 by Theorem 2.17, where
C is the positive constant in Theorem 2.17. Hence we see that
K (S, A + m(KM + L)jS , h A=S  hmS , dV [9S]) ≧ C 1  k 3=2  (h A=S  hmS ) 1
holds by the basic property of Bergman kernels (cf. [16, p.46, Proposition 1.3.16]). We
note that h A=S is quasi-isometric to h AjS , i.e., there exists a positive constant CA, S > 1
such that
C 1A, S  h A=S ≦ h AjS ≦ CA, S  h A=S
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holds on S. Then this implies that
K (S, A + m(KM + L)jS , h AjS  hmS , dV [9S]) ≧ C 1A, S  C 1  k 3=2  (h AjS  hmS ) 1
holds on S. This is the desired estimate ([) with CS = C 1A, S  C 1  k 3=2.
Combining (℄) and ([), we see that
˜K m jS ≧ (C  Æ 3=2) 1  C 1m 1  C 11  CS  (h AjS  hmS ) 1
holds on S. Then by the definition of ˜hm , we see that
˜hm jS ≦ (C  Æ 3=2)  C1  C 1S  Cm 1  h AjS  hmS
holds. Hence we complete the proof of Lemma 2.26 by induction on m.
By the definition of A, we may consider the metric h A as a singular hermitian
metric ˆh A on a(KM + L). Also we may consider ˜hm as a singular hermitian metric on
ˆhm on (a + m)(KM + L). Then by Lemma 2.26, we have the following lemma.
Lemma 2.27. Let hM be the AZD of KM + L as above. For every m ≧ 0, there
exist a positive constant C 0m depending on m and a positive constant C independent of
m such that
ha+mM jS ≦ C 0m  ˆhm jS ≦ Cm+1 ˆh AjS  hmS
hold.
By Lemma 2.27, we see that
(1) hM ≦ (C 0m)1=(a+m)  ˆh Aj1=(a+m)S  hm=(a+m)S
holds.
Let us fix an arbitrary nonnegative integer l. Then since hS is an AZD of KM +LjS ,

I
 
ˆh Ajl=(a+m)S  h
(m=(a+m))l
S
	
1
m=1
is an increasing sequence of ideal sheaves on S contained in I(hlS). Let ,  be a
weight functions of h(m=(a+m))lS and ˆh Aj
l=(a+m)
S with respect to (the powers of) dV 1 hL jS
respectively. By Hölder’s inequality we see that for a holomorphic function f on an
open set V in S,
Z
V
e   e   j f j2 dV [9S] ≦

Z
V
e p  j f j2 dV [9S]
1=p


Z
V
e q  j f j2 dV [9S]
1=q
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holds, where
p :=

1 +
1
l

1 +
m
a

, q =
p
p   1
.
Since
e p  (dV 1  hL jS)l+1 = hl+1S
holds, this implies that there exists a positive integer ml depending on l such that
I
 
ˆh Ajl=a+mlS  h
(ml=(a+ml ))l
S

 I
 
hl+1S

holds. Hence by (1), we see that
I
 
hM jlS

 I
 
hl+1S

holds on S. We note that since hS is an AZD of (KM + L)jS ,
A2
 
S, (l +1)(KM + L)jS , hl+1S , dV [9S]

' A2
 
S, (l +1)(KM + L)jS , dV 1 hL jS hlS , dV [9S]

holds. Using this equality, by Theorem 2.17 (and Lemma 2.19) in Section 2.3, we see
that every element of
A2
 
S, (l + 1)(KM + L)jS , dV 1  hL jS  hlS , dV [9S]

can be extended to an element of
A2
 
M , (l + 1)(KM + L), dV 1  hL  hlM , dV

.
Since l is an arbitrary nonnegative integer, we complete the proof of Theorem 2.25.
REMARK 2.28. The above proof also works for the case that hL is a singular
hermitian metric with semipositive curvature current, if we assume the following con-
ditions:
1. (KM + L , dV 1  hL ) is big.
2. Bsjm(KM + L , dV 1  hL )j1 does not contain S for some m > 0.
3. There exists a Zariski open neighbourhood U of the generic point of S in M such
that jm(KM + L , dV 1  hL )j1 gives an embedding of U into a projective space for
every sufficiently large m.
Here jm(KM + L , dV 1  hL )j1 denotes the linear system jH 0(M , OM (m(KM + L)) 

I
1
(hmL ))j. In this case we need to take an AZD hS of the singular hermitian line bun-
dle (KM + L , dV 1  hL )jS . Noting Remarks 2.14 and 2.16, by Corollary 2.15 there
exists an AZD hS of (KM + L , dV 1  hL )jS .
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REMARK 2.29. The full proofs of Theorems 2.24 and 2.25 can be obtained sim-
ilar line as the above proof. But they require more detailed estimates. One may ob-
tain a simple proof by the parallel argument to that of [24], replacing the use of the
Ohsawa-Takegoshi extension theorem by the use of Theorem 2.17. The proof presented
here is similar to the argument in [25]. Anyway the proof is completely parallel to the
proof of the invariance of plurigenera.
2.7. Positivity result. The following positivity theorem is the key to the proof
of Theorems 1.1 and 1.2.
Theorem 2.30 ([11, p.894, Theorem 2]). Let f : X ! B be a surjective mor-
phism of smooth projective varieties with connected fibers. Let P = P Pj and Q =
P
l Ql be normal crossing divisors on X and B respectively, such that f  1(Q)  P
and f is smooth over B n Q. Let D = P d j Pj be a Q-divisor on X , where d j may be
positive, zero or negative, which satisfies the following conditions:
1. D = Dh + Dv such that f : Supp(Dh) ! B is surjective and smooth over B n Q,
and f (Supp(Dv))  Q. An irreducible component of Dh (resp. Dv) is called horizonta
(resp. vertical).
2. d j < 1 for all j .
3. The natural homomorphism OB ! fOX (d De) is surjective at the generic point
of B.
4. K X + D Q f (K B + L) for some Q-divisor L on B.
Let
f Ql =
X
j
wl j Pj
¯d j :=
d j + wl j   1
wl j
if f (Pj ) = Ql
Æl := maxf ¯d j ; f (Pj ) = Qlg
1 :=
X
l
Æl Ql
M := L  1.
Then M is nef.
REMARK 2.31. In Theorem 2.30, the condition: d j < 1 is irrelevant for every
D j with f (D j )  Q by a trivial reason. In fact in this case, if we replace D by
D0 := D  f Q and replace L by L 0 := L Q for a sufficiently large positive rational
number , D0 =
P
d 0j D j satisfies the condition: d 0j < 1 for all j .
Here the meaning of the divisor 1 may be difficult to understand. So I would like
to give an geometric interpretation of 1. Let X , P , Q, D, B, 1 be as above. Let dV
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be a C1-volume form on X . Let  j be a global section of OX (Pj ) with divisor Pj .
Let k jk denote the hermitian norm of  j with respect to a C1-hermitian metric on
OX (Pj ) respectively. Let us consider the singular volume form
 :=
dV
Q
j k jk
2d j
on X . Then by taking the fiber integral of  with respect to f : X ! B, we obtain a
singular volume form
R
X=B  on B, where the fiber integral
R
X=B  is defined by the
property that for any open set U in B,
Z
U

Z
X=B


=
Z
f  1(U )

holds. We note that the condition 2 in Theorem 2.30 assures that
R
X=B  is contin-
uous on a nonempty Zariski open subset of B. Also by the condition 4 in Theo-
rem 2.30, computing the differential d f , we see that K X + D is numerically f -trivial
and
 R
X=B 

 1 is a C0-hermitian metric on the Q-line bundle K B + 1. Thus the di-
visor 1 corresponds exactly to singularities (poles and degenerations) of the singular
volume form
R
X=B  on B.
3. Proofs of Theorems 1.1 and 1.2
In this section we shall prove Theorems 1.1 and 1.2 simultaneously. The proof is
almost parallel to the one assuming MMP ([35]), if we replace the minimal model by
an AZD (analytic Zariski decomposition) of the canonical line bundle.
3.1. Construction of a filtration. Let X be a smooth projective n-fold of gen-
eral type. Let h be an AZD of K X constructed as in Section 2.2. We may assume that
h is lowersemicontinuous by Theorem 2.12. This is a technical assumption so that a
local potential of the curvature current of h is plurisubharmonic. This is used to re-
strict h to a subvariety of X (if we only assume that the local potential is only locally
integrable, the restriction is not well defined). We set
XÆ = fx 2 X j x =2 BsjmK X j and 8jmK X j is a biholomorphism
on a neighbourhood of x for some m ≧ 1g.
We set
0 := (K X , h)n = (X , (K X , h)) = (X , K X ).
For the notations (K X , h)n , (X , (K X , h)) and (X , K X ) see Definitions 2.22 and 2.21.
The last equality holds, since h is an AZD of K X . We note that for every x 2 XÆ,
I(hm)x ' OX ,x holds for every m ≧ 0 (cf. [28] or [6, Theorem 1.5]).
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Let x , x 0 be distinct points on XÆ. In this subsection we shall prove the following
porposition.
Proposition 3.1. Let x and x 0 be distinct points on XÆ. Then there exists a fil-
tration:
X = X0  X1      Xr  Xr+1 = x or x 0
of X by a strictly decreasing sequence of subvarieties fX i gr+1i=0 for some r (depending
on x and x 0), effective Q-divisors
D0, : : : , Dr
which are Q-lineraly equivalent to K X and invariants:
0, 1, : : : , r 2 Q+,
n =: n0 > n1 >    > nr (ni = dim X i , i = 0, : : : , r )
and
0, 1, : : : , r (i = (X i , (K X , h)jX i ), i = 0, : : : , r )
with the estimates
i ≦
ni
ni
p
2
ni
p
i
+ Æ (0 ≦ i ≦ r ),
where Æ is a fixed positive number less than 1=n and i is defined inductively by:
i = inf
(
 > 0





 
X ,
i 1
X
j=0
( j   " j )D j + Di
!
is KLT at neither x nor x 0
)
,
where "0, : : : , "i 1 are small positive rational numbers which can be taken arbitrar-
ily small. Here each filter X i (1 ≦ i ≦ r ) is the minimal center of log canonical
singularities of  X , Pi 2j=0( j   " j )D j + i 1 Di 1

at x or x 0 (if i = 1, we consider
Pi 2
j=0( j   " j )D j = 0).
"0, : : : , "i 1 will be specified during the construction of the filtration. We shall begin
the contruction.
Lemma 3.2. We set
Mx ,x 0 = Mx Mx 0 ,
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where Mx , Mx 0 denote the maximal ideal sheaves of the points x , x 0 respectively. Let
" be positive number strictly less than 1. Then
H 0

X , OX (mK X )
 I(hm) Md
n
p
0(1 ")m= n
p
2 e
x ,x 0

6= 0
holds for every sufficiently large m.
Proof. First we note that since x , x 0 2 XÆ, h is bounded from above at x and x 0
by the construction of h (cf. Theorem 2.11). In particular I(hm)x = OX ,x and I(hm)x 0 =
OX ,x 0 hold for every m ≧ 0. Let us consider the exact sequence:
0 ! H 0

X , OX (mK X )
 I(hm) Md
n
p
0(1 ")m= n
p
2 e
x ,x 0

! H 0(X , OX (mK X )
 I(hm))
! H 0

X , OX (mK X )
 I(hm)
OX=Md
n
p
0(1 ")m= n
p
2 e
x ,x 0

.
We note that
n!  lim
m!1
m n dim H 0(X , OX (mK X )
 I(hm)) = 0
holds by the definition of 0.
On the other hand, we see that
n!  lim
m!1
m n dim H 0

X , OX (mK X )
 I(hm)
OX=Md
n
p
0(1 ")m= n
p
2 e
x ,x 0

= 0(1  ")n < 0
hold, since I(hm)x = OX ,x and I(hm)x 0 = OX ,x 0 hold for every m ≧ 0.
By the above inequalities and the exact sequence, we complete the proof of Lem-
ma 3.2.
Let " be a positive number less than 1 as in Lemma 3.2. Let us take a sufficiently
large positive integer m0 such that
H 0

X , OX (m0 K X )
 I(hm0 ) Md
n
p
0(1 ")m0= n
p
2 e
x ,x 0

6= 0
as in Lemma 3.2 and let
0 2 H 0

X , OX (m0 K X )
 I(hm0 ) Md
n
p
0(1 ")m0= n
p
2 e
x ,x 0

be a general nonzero element. We set
D0 :=
1
m0
(0)
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and
h0 :=
1
j0j2=m0
(see Example 2.2 in Section 2.1 for the meaning of 1=j0j2=m0 ). We define the positive
number 0 by
0 := inff > 0 j (X , D0) is KLT at neither x nor x 0g,
where KLT is short for of Kawamata log terminal (cf. Definition 2.4).
Let  : Y ! X be a log resolution of (X , D) and for  > 0 let
KY +  1

(D) = (K X + D) + F(),
where F() denotes the discrepancy depending on . Then 0 is the infimum of 
such that the discrepancy F() has a component whose coefficient is less than or equal
to  1. Hence by the construction 0 is a rational number.
Since
 
Pn
i=1 jzi j
2 n is not locally integrable around O 2 Cn , by the definition of
D0, we see that
0 ≦
n
n
p
2
n
p
0(1  ")
holds. About the relation between the KLT conditions and the multiplier ideal sheaves,
please see Section 2.1.
Let Æ be the fixed positive number as above and let us make " > 0 sufficiently
small so that
0 ≦
n
n
p
2
n
p
0
+ Æ
holds. Then one of the following two cases occurs.
CASE 1. For every sufficiently small positive number , (X , (0   )D0) is KLT
at both x and x 0.
CASE 2. For every sufficiently small positive number , (X , (0   )D0) is KLT
at exactly one of x or x 0, say x .
We define the next stratum X1 by
X1 := the minimal center of log canonical singularities of (X , 0 D0)
at x (cf. Section 2.1).
If X1 is a point, we stop the construction of the filtration. Suppose that X1 is not
a point.
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Case 1 divides into the following two cases.
CASE 1.1. X1 passes through both x and x 0.
CASE 1.2. X1 passes through only one of x and x 0, say x .
First we shall consider Case 1.1. We define the positive number 1 by
1 := (X1, (K X , h)jX1 ).
Then since x , x 0 2 XÆ, 1 is positive.
For the later purpose, we shall modify h0 so that X1 is the only center of log
canonical singularities of (X , 0 D0) at x . Let us take an effective Q-divisor G such
that K X   G is ample by Kodaira’s lemma (cf. [14, Appendix]). By the definition of
XÆ, we may assume that the support of G contains neither x nor x 0. In fact this can be
verified as follows. Let H be an arbitrary ample divisor on X . Then by the definition
of XÆ, jbK X   H j is base point free at x and x 0 for every sufficiently large b. Fix
such a b and take a member G 0 of jbK X   H j which contains neither x nor x 0. Then
we may take G to be b 1G 0.
Let a be a positive integer such that A := a(K X G) is a very ample Cartier divisor
such that OX (A) 
 IX1 is globally generated. Let 1, : : : , e 2 H 0(X , OX (A) 
 IX1 )
be a set of generators of OX (A)
 IX1 on X . Then if we replace h0 by
1
 
j0j2
 
Pe
i=1 ji j
2
1=(m0+a) ,
it has the desired property. If we take m0 very large (in comparison with a), we can
make the new 0 arbitrary close to the original 0. Hence we may assume that the
estimate
0 ≦
n
n
p
2
n
p
0
+ Æ
still holds after the modification. Let us set
n1 := dim X1.
The proof of the following lemma is identical to that of Lemma 3.2.
Lemma 3.3. Let "0 be a positive rational number less than 1. Let x1, x2 be dis-
tinct regular points of X1 \ XÆ. Then for every sufficiently large positive integer m
H 0

X1, OX1 (mK X )
 I(hm jX1 ) Md
n1
p
1(1 "0)m= n1
p
2 e
x1,x2

6= 0
holds.
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Let x1, x2 be two distinct regular points of X1 \ XÆ. Let m1 be a positive integer
such that
H 0

X1, OX1 (m1 K X )
 I(hm1 jX1 ) Md
n1
p
1(1 "0)m= n1
p
2 e
x1,x2

6= 0
as in Lemma 3.3 and let

0
1,x1,x2 2 H
0

X1, OX1 (m1 K X )
 I(hm1 jX1 ) Md
n1
p
1(1 "0)m= n1
p
2 e
x1,x2

be a nonzero element.
We shall extend the singular hermitian metric 1=j 01,x1,x2 j
2=m1 of K X jX1 to a singular
hermitian metric on K X with semipositive curvature current after a modification.
As before by Kodaira’s lemma ([14, Appendix]) there is an effective Q-divisor G
such that K X  G is ample. By the definition of XÆ, we may assume that the support
of G contains neither x nor x 0 as before. Let l1 be a sufficiently large positive integer
which will be specified later such that
L1 := l1(K X   G)
is Cartier. Let hL1 be a C1-hermitian metric on L1 with strictly positive curvature.
Let  be a nonzero section in H 0(X , OX (L1)). We set
9 := 0  log
h
h0
.
Let dV be a C1-volume form on X . We note that the residue volume form dV [9]
on X1 may have poles along some proper subvarieties in X1. By taking l1 sufficiently
large and taking  properly, we may assume that hL1 ( ,  )  dV [9] is nonsingular on
X1 in the sense that the pullback of it to a nonsingular model of X1 is a bounded
form. Then by applying Lemma 2.19 for S = X1, 9 = 0 log(h=h0),
(E , hE ) =
 (d1 + 0e)K X , hd1+0e

,
and
(L , hL ) =
 (m1   d0e   2)K X + L1, h(m1 d0e 2) 
 hL1

,
we see that

0
1,x1,x2 
  2 H
0

X1, OX1 (m1 K X + L1)
 I(hm1 jX1 ) Md
n1
p
1(1 "0)m1= n1
p
2 e
x1,x2

extends to a section
1,x1,x2 2 H
0(X , OX ((m1 + l1)K X )).
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We note that even though dV [9] may be singular on X1, we may apply Lemma 2.19,
because there exists a proper Zariski closed subset B of X such that the restric-
tion of dV [9] to (X   B) \ X1 is smooth. Of course the singularity of dV [9] af-
fects the L2-condition. But this has already been managed by the boundedness of
hL1 ( ,  )  dV [9].
Taking l1 sufficiently large, we may and do assume that there exists a neighbour-
hood Ux1,x2 of fx1, x2g such that the divisor (1,x1.x2 ) is smooth on Ux1 ,x2 n X1. This
can be verified as follows. Let us take l1 sufficiently large so that OX (L1)
Mn+1y is
globally generated for every y 2 X . Let us fix y and let f1, : : : , N g be a set of basis
of H 0(X , OX (L1)
Mn+1y ). Then
hL1, y := h
1=(n+1)
L1 
 
1
PN
j=1 j j j2
!n=(n+1)
is a singular hermitian metric of L1 with strictly positive curvature current. Since
OX (L1)
Mn+1y is globally generated, we see that OX=I(hL1 , y) has isolated support at
y. By Nadel’s vanishing theorem [20, p.561], this implies that for every y 2 XÆ n X1,
H 1(X , OX (mK X + L1)
 I(h00  hm 1 0 )
My) = 0
holds. Hence for every y 2 XÆ n X1, we may modify the L2-extension of  01,x1,x2 
 
so that the extension has any prescribed value at y, if we take l1 is sufficiently large.
We may take l1 to be independent of y 2 XÆ n X1. Then by Bertini’s theorem we
may find a neighbourhood Ux1 ,x2 of fx1, x2g such that the divisor (1,x1.x2 ) is smooth
on Ux1 ,x2 n X1.
We set
D1(x1, x2) := 1
m1 + l1
(1,x1,x2 ).
Let X1,reg denote the set of regular points on X1. We may construct the divisors
fD1(x1, x2)g as an algebraic family over (X1,reg  X1,reg) n 1X1 where 1X1 denotes
the diagonal of X1  X1. This construction is possible, since we may take L1 in-
dependent of x1, x2 2 X1,reg. Letting x1 and x2 tend to x and x 0 respectively, we ob-
tain a Q-divisor D1 on X which is (m1 + l1) 1-times a divisor of a global holomorphic
section
1 2 H 0(X , OX ((m1 + l1)K X )).
By the construction, we may and do assume that there exists a neighbourhood Ux ,x 0 of
fx , x 0g such that (1) is smooth on Ux ,x 0 n X1.
Let "0 be a positive rational number with "0 < 0. And we define the positive
numbers 1(x1, x2) and 1 by
1(x1, x2) := inff > 0 j (0   "0)D0 + D1(x1, x2) is KLT at neither x1 nor x2g
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and
1 := inff > 0 j (0   "0)D0 + D1 is KLT at neither x nor x 0g
respectively. For every positive number , (0  "0)D0 + (1 )D1 is KLT at x or x 0,
say x . Then we shall define the proper subvariety X2 of X1 by
X2 := the minimal center of log canonical singularities of
(X , (0   "0)D0 + 1 D1) at x .
We shall estimate 1. We note that m1 is independent of l1 in the extension of

0
1,x1,x2 
  .
Lemma 3.4. Let Æ be the fixed positive number as above, then we may as-
sume that
1 ≦
n1
n1
p
2
n1
p
1
+ Æ
holds, if we take "0, l1=m1 and "0 sufficiently small.
To prove Lemma 3.3, we need the following elementary lemma.
Lemma 3.5 ([31, p.12, Lemma 6]). Let a, b be positive numbers. Then
Z 1
0
r
2n1 1
2
 
r21 + r
2a
2
b dr2 = r
2n1=a 2b
1
Z r 2a1
0
r
2n1 1
3
 
1 + r2a3
b dr3
holds, where
r3 =
r2
r
1=a
1
.
Proof of Lemma 3.3. First suppose that x , x 0 are nonsingular points on X1. Then
we may set x1 = x , x2 = x 0, i.e., we do not need the limiting process to define the
divisor D1. Let (z1, : : : , zn) be a local coordinate system on a neighbourhood U of x
in X such that
U \ X1 = fq 2 U j zn1+1(q) =    = zn(q) = 0g.
We set r1 =
 
Pn
i=n1+1 jz1j
21=2 and r2 =
 
Pn1
i=1 jzi j
21=2
. Fix an arbitrary C1-hermitian
metric hK on K X . Then there exists a positive constant C such that
k1k
2 ≦ C

r21 + r
2d n1p1(1 "0)m1= n1
p
2 e
2

(?)
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holds on a neighbourhood of x , where k k denotes the norm with respect to hm1+l1K .
We note that there exists a positive integer M such that
k0k
 2
= O(r M1 )
holds on a neighbourhood of the generic point of U \ X1, where k k denotes the norm
with respect to hm0K . Let us apply Lemma 3.4 by taking
a =

n1
p
1(1  "0) m1n1p2

.
Then by Lemma 3.4 and the estimate (?), we see that for every
b >
n1

n1
p
1(1  "0)m1= n1
p
2

.
k1k produces a singularity greater than equal to r2n1=a b1 , if we average the singularity
in terms of the volume form in z1, : : : , zn1 direction. Hence by Proposition 2.5, we
have the inequality:
1 ≦

m1 + l1
m1

n1
n1
p
2
n1
p
1(1  "0)
+ m1"0.
Taking "0, l1=m1 and "0 sufficiently small, we obtain that
1 ≦
n1
n1
p
2
n1
p
1
+ Æ
holds.
If x or x 0 is a singular point on X1, we need the following lemma.
Lemma 3.6. Let ' be a plurisubharmonic function on 1n  1. Let 't (t 2 1)
be the restriction of ' on 1n  ftg. Assume that e 't does not belong to L1loc(1n , O)
for any t 2 1.
Then e '0 is not locally integrable at O 2 1n .
Lemma 3.5 is an immediate consequence of the L2-extension theorem [22, p.20, The-
orem]. Using Lemma 3.5 and Lemma 3.4, letting x1 ! x and x2 ! x 0, we see that
1 ≦ lim inf
x1!x ,x2!x 0
1(x1, x2)
holds.
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Next we consider Case 2. The remaining case Case 1.2 will be considered later.
In Case 2, for every sufficiently small positive number , (X , (0 )D0) is KLT at x
and not KLT at x 0. In Case 1.2, instead of Lemma 3.2, we use the following simpler
lemma. We define X1 as before.
In this case, instead of Lemma 3.2, we use the following simpler lemma.
Lemma 3.7. Let "0 be a positive number less than 1 and let x1 be a smooth
point on X1. Then for a sufficiently large m > 1,
H 0
 
X1, OX1 (mK X )
 I(hm jX1 ) Md
n1
p
1(1 "0)me
x1

6= 0
holds.
Let us take a general nonzero element  01,x1 in
H 0
 
X1, OX1 (m1 K X )
 I(hm1 jX1 ) Md
n1
p
1(1 ")m1e
x1

,
for a sufficiently large m1. Using Lemma 3.6, let l1 be as in Lemma 3.3 and let 
be a general nonzero section in H 0(X , OX (L1)), where L1 is the line bundle as in
Lemma 3.3. By Lemma 3.3, we may extend 1,x 01 
  to a section
1,x1 2 H
0(X , OX ((m1 + l1)K X )).
As in Case 1.1, taking l1 sufficiently large, we may assume that there exists a neigh-
bourhood Ux1 of x1 such that (1,x1 ) is smooth on a Ux1 n X1. We set
D1(x1) = 1
m1 + l1
(1,x1 ).
Let X1,reg denote the regular locus of X1. We may construct the divisors fD1(x1)g as
an algebraic family over X1,reg. Letting x1 tend to x , we obtain a Q-divisor D1 on X
which is (m1 + l1) 1-times a divisor of a global holomorphic section
1 2 H 0(X , OX ((m1 + l1)K X )).
By the construction, we may and do assume that there exists a neighbourhood Ux of
x such that (1) is smooth on Ux n X1. Let "0 be a sufficiently small positive rational
number with "0 < 0 such that (0   "0)D0 is not KLT at x 0 (this is possible because
we are considering Case 2).
And we define the positive numbers 1(x1) and 1 by
1(x1) := inff > 0 j (0   "0)D0 + D1(x1) is not KLT at x1g.
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and
1 := inff > 0 j (0   "0)D0 + D1 is KLT at neither x nor x 0g
respectively. The definition of 1 is the same as in Case 1.1. But we note that
(0   "0)D0 is already not KLT at x 0. We shall estimate 1. The proof of the fol-
lowing lemma is similar to that of Lemma 3.3.
Lemma 3.8. Let Æ be the fixed positive number as above. Then we may as-
sume that
1 ≦
n1
n1
p
1
+ Æ
holds, if we take "0, l1=m1 and "0 sufficiently small.
This estimate is better than Lemma 3.3. Then we may define the proper subvariety X2
of X1 as the minimal center of log canonical singularities of (X , (0   "0)D0 + 1 D1)
at x or x 0 as we have defined X1.
Lastly in Case 1.2 the construction of the filtration reduces to Case 2 as follows.
In Case 1.2, X1 does not pass through x 0. Hence in this case the minimal center of LC
singularities X 01 at x 0 does not pass through x . One may reduce Case 1.2 to Case 2,
by “strengthening” the singularity of D0 along X 01 as follows.
Let a1 be a sufficiently large positive integer such that
H 0(X , OX (a1 K X )
 IX 01 ) 6= 0.
Let  0 be a general nonzero section of H 0(X , OX (a1 K X ) 
 IX 01 ). We note that there
exists an effective Q-divisor G on X such that K X  G is ample and x is not contained
in Supp G as we have seen before. Hence if we take a1 sufficiently large, we may
assume that the divisor ( 0) does not contain x . In this case instead of 0, we shall use

e
0 

0
, taking a positive integer e large. Let D00 := (m0e +a1) 1( e0 
 0). Let us define
a positive rational number 00 for (X , D00) similar to 0. Then by the construction of

0
, then the minimal center of LC singularities of (X , 00 D00) at x is X1 and (X , 00 D00)
is not LC at x 0. Also we can make 00 arbitrary close to 0 by taking e sufficiently
large. Hence we may assume that 00 satisfies the same estimate:

0
0 ≦
n
n
p
2
n
p
0
+ Æ
as 0. And we may continue the construction of the filtration. In this way we can
reduce Case 1.2 to Case 2.
In any case we construct the next stratum X2 as the minimal center of log canon-
ical singularities of (X , (0   "0)D0 + 1 D1) at x . If X2 is a point, then we stop the
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construction of the filtration. If X2 is not a point, we continue exactly the same pro-
cedure replacing X1 by X2. And we continue the procedure as long as the new center
of log canonical singularities (X1, X2, : : : ) is not a point. As a result, for any distinct
points x , x 0 2 XÆ, inductively we construct a strictly decreasing sequence of subvarieties
X = X0  X1      Xr  Xr+1 = x or x 0
and invariants:
0, 1, : : : , r ,
"0, "1, : : : , "r 1,
n > n1 >    > nr (ni = dim X i , i = 1, : : : , r ),
and
0, 1, : : : , r (i := (X i , (K X , h)jX i ))
depending on small positive rational numbers "0, : : : , "r 1, large positive integers
m0, m1, : : : , mr , positive integers 0 =: l0, l1, : : : , lr ,
i 2 H 0(X , OX ((mi + li )K X )) (i = 0, : : : , r ),
Di =
1
mi + li
(i ) (i = 0, : : : , r ),
etc.
By Nadel’s vanishing theorem ([20, p.561]) we have the following lemma.
Lemma 3.9. For every positive integer m > 1 +
Pr
i=0 i , 8jmK X j separates x and
x 0. And we may assume that
i ≦
ni
ni
p
2
ni
p
i
+ Æ
holds for every 0 ≦ i ≦ r .
Proof. For i = 0, 1, : : :,r , let hi be the singular hermitian metric on K X defined by
hi :=
1
ji j2=(mi +li )
,
where we have set l0 = 0. Using Kodaira’s lemma ([14, Appendix]), let us take an
effective Q-divisor G on X such that K X   G is ample as before. As before we may
assume that Supp G contains neither x nor x 0. Let h0G be a C1-hermitian metric on
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the Q-line bundle K X  G with strictly positive curvature. Let G =
P
k gk Gk be the ir-
reducible decomposition of G aand let Gk be a global holomorphic section of OX (Gk)
with divisor Gk . Then
hG := h0G 
 
Y
k
1
jGk j
2gk
!
is a singular hermitian metric of K X with strictly positive curvature current.
Let m be a positive integer such that m > 1 +
Pr
i=0 i as above. Let "G be a
positive number such that
"G < m   1 
 
r 1
X
i=0
(i   "i ) + r
!
.
We set
 :=
r 1
X
i=0
(i   "i ) + r + "G .
hx ,x 0 =
 
r 1
Y
i=0
hi "ii
!
 hrr  hm 1   h
"G
G .
Then we see that I(hx ,x 0 ) defines a subscheme of X with isolated support around x or
x 0 by the definition of the invariants fi g’s and the fact that Supp G contains neither x
nor x 0. By the construction the curvature current 2hx ,x 0 is strictly positive on X . Then
by Nadel’s vanishing theorem ([20, p.561]) we see that
H 1(X , OX (mK X )
 I(hx ,x 0 )) = 0
holds. Hence
H 0(X , OX (mK X )) ! H 0(X , OX (mK X )
OX=I(hx ,x 0 ))
is surjective. Since by the construction of hx ,x 0 , Supp(OX=I(hx ,x 0 )) contains both x
and x 0 and is isolated at least at one of x or x 0. Hence by the above surjection, there
exists a section  2 H 0(X , OX (mK X )) such that
 (x) 6= 0,  (x 0) = 0
or
 (x) = 0,  (x 0) 6= 0
holds. This implies that 8
jmK X j separates x and x 0. The proof of the last statement is
similar to that of Lemma 3.3.
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3.2. Estimate of the degree. To relate 0 and the degree of pluricanonical im-
ages of X , we need the following lemma.
Lemma 3.10. If 8
jmK X j is a birational rational map onto its image, then
deg 8
jmK X j(X ) ≦ 0  mn
holds.
Proof. Let p : ˜X ! X be the resolution of the base locus of jmK X j and let
pjmK X j = jPm j + Fm
be the decomposition into the free part jPm j and the fixed component Fm . We have
deg 8
jmK X j(X ) = Pnm
holds. Then by the ring structure of R(X , K X ), we have an injection
H 0( ˜X , O
˜X (Pm)) ! H 0(X , OX (mK X )
 I(hm))
for every  ≧ 1, since the righthand side is isomorphic to H 0(X , OX (mK X )) by the
definition of an AZD. We note that since O
˜X (Pm) is globally generated on ˜X , for
every  ≧ 1 we have the injection
O
˜X (Pm) ! p(OX (mK X )
 I(hm)).
Hence there exists a natural homomorphism
H 0( ˜X , O
˜X (Pm)) ! H 0(X , OX (mK X )
 I(hm))
for every  ≧ 1. This homomorphism is clearly injective. This implies that
0 ≧ m n  ( ˜X , Pm)
holds by the definition of 0. Since Pm is nef and big on X , we see that
( ˜X , Pm) = Pnm
holds. Hence
0 ≧ m n  Pnm
holds. This implies that
deg 8
jmK X j(X ) ≦ 0  mn
holds.
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3.3. Use of the subadjunction theorem. Let
X = X0  X1      Xr  Xr+1 = x or x 0
be the filtration of X as in Section 3.1.
Lemma 3.11. Let W j be a nonsingular model of X j . For every W j ,
(W j , KW j ) ≦
 & 
1 +
j 1
X
i=0
i
!'!n j
  j
holds, where  j = (K X , h)n j  X j as in Section 3.1 (we note that (W j , KW j ) depends
only on X j ).
Proof. Let us set
 j := " j 1 +
j 1
X
i=0
(i   "i ).
Let Di denote the divisor m 1i (i ) and we set
D : =
j 1
X
i=1
(i   "i )Di + " j 1 D j 1.
Let  : Y ! X be a log resolution of (X , D) which factors through an embedded res-
olution $ : W j ! X j of X j . By the modification as in Section 3.1, we may assume
that there exists a unique irreducible component F j of the exceptional divisor with dis-
crepancy  1 which dominates X j . Let
 j : F j ! W j
be the natural morphism induced by the construction. We set

(K X + D)jF j = K F j + G.
We may assume that the support of G is a divisor with normal crossings. Then all the
coefficients of the horizontal component Gh of G with respect to  j are less than 1
because F j is the unique exceptional divisor with discrepancy  1.
Let dV be a C1-volume form on the X . Let 9 be the function defined by
9 := log
 
h j  j j 1j2" j 1=m j 1 
j 1
Y
i=0
ji j
2(i "i )=mi
!
.
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Then the residue ResF j ((e 9 dV )) of (e 9 dV ) to F j is a singular volume form
with algebraic singularities corresponding to the divisor G. Since every coefficient of
Gh is less than 1, there exists a nonempty Zariski open subset W 0j of W j such that
ResF j ((e 9  dV )) is integrable on  1j (W 0j ).
Then the pullback of the residue dV [9] of e 9  dV (to X j ) to W j is given by
the fiber integral of the above singular volume form ResF j ((e 9  dV )) on F j , i.e.,
$
dV [9] =
Z
F j =W j
ResF j ((e 9  dV ))
holds. By Theorem 2.30, we see that (K F j + G) j (KW j +1) is nef, where 1 is the
Q-divisor defined as in Theorem 2.30. We note that K F j + G is Q-linear equivalent to
(1 +  j )K X by the construction. Hence we see that (1 +  j )$ K X   (KW j + 1) is
nef and
(2) (W j , KW j ) ≦ (W j , (1 +  j )$ (K X jX j ) 1)
holds.
Let e be a positive integer such that e  1 is an integral divisor. Let e1 be a
meromorphic section of OW j (e 1) with divisor e 1. Then we may consider the e-th
root 
1
of e1 as a multivalued meromorphic section of the Q-line bundle OW j (1)
with divisor 1. Let h
1
be a C1-hermitian metric on the Q-line bundle OW j (1), i.e.,
h
1
is the e-th root of a C1-hermitian metric on the line bundle OW j (e  1). Then
h
1
(
1
, 
1
) is a single valued funtion on W j .
Let us recall the interpretation of the divisor 1 in Section 3.7. Let dVW j be a
C1-volume form on W j . We note that in the above definition of the function 9, we
have used h j instead of dV  j . Hence we see that there exists a positive constant C
such that
(3) $ dV [9] =
Z
F j =W j
ResF j ((e 9  dV )) ≦ C 
$
(dV  h)  j
h
1
(
1
, 
1
)  dVW j
hold.
We may assume that  j is not an integer without loss of generality. In fact this
can be satisfied, if we perturb "0, : : : , " j 1 or 0, : : : ,  j 1. And passing to the lmit,
the general case follows. This condition is to assure the inequality d1 +  je > 1 +  j
and this inequality corresponds to the condition: d > m0 in Theorem 2.24. We note
that for every positive integer m, every global holomorphic section of mK X is bounded
with respect to hm . Then since the curvature current 2h is semipositive in the sense
of current, applying Theorem 2.24 (see also Remark 2.28 for the selfcontainedness),
we have the interpolation:
A2
 
W j , m(d1 +  je)$ K X , $ 
 
dV 1  hd j e  hm 1
j j

, $
dV [9]
! H 0(X , OX (m(d1 +  je)K X )),
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where ' is the weight function as in Theorem 2.24 defined by
' := log
dVW j
$
dV [9]
and h
j j is an AZD of ((1 + d je)K X jX j , e '  (dV 1  hd j e)jX j ). By (3), we see that
(4) $ (e '  dV 1  h j jX j ) ≦ C  h1(1, 1) 1 $ (dV (1+ j )jX j )
holds. We note that 1 may not be effective. Hence a priori the element of A2
 
W j ,
m(d1 +  je)$ K X , $ 
 
dV 1  hd j e  hm 1
j j

, $
dV [9] may have pole along the de-
generate locus (zero locus) of $ dV [9]. But this cannot occur by the existence of
the extension and the birational invariance of plurigenera. As in the remark below, we
also may reduce the proof to the case that 1 is effective.
Since (1 +  j )$ (K X jX j )   (KW j + 1) is nef by Theorem 2.30 (This is nothing
but the main part of the proof of Kawamata’s subadjunction theorem [11, Theorem 1].
Then the proof of [11, Theorem 1] follows from the observation that $

1 is effective),
by using Theorem 2.30 (the condition 3 in Theorem 2.30 is verified as in [11]), noting
the equality dV [9] = e ' dVW j , the inequalities (2), (4) and the existence of the above
interpolation imply that
(W j , KW j ) ≦ n j !  lim
m!1
m n j dim ImagefH 0(X , OX (m(d1 +  je)K X ))
! H 0(X j , OX j (m(d1 +  je)K X ))g
holds. Here we have used the fact that for any pseudoeffective divisors M1, M2 on
a smooth projective variety V such that M1   M2 is pseudoeffective, the inequality:
(V , M1) ≧ (V , M2) holds (the proof is trivial and left to the reader).
Since every element of H 0(X , OX (m(d1 +  je)K X )) is bounded on X with re-
spect to hm(d1+ j e) (cf. Remark 2.14). In particular the restriction of an element of
H 0(X , OX (m(d1 +  je)K X )) to X j is bounded with respect to hm(d1+ j e)jX j . Hence by
the existence of the above interpolation, we have that
(5) (W j , KW j ) ≦ (X j , (d1 +  je)K X , hd1+ j e)jX j )
holds. This is the only point where Theorem 2.24 is used.
By the trivial inequality
 j ≦
j 1
X
i=0
i .
we have that
(W j , KW j ) ≦
 &
1 +
j 1
X
i=0
i
'!n j
(K X , h)n j  X j
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holds by the definition of (K X , h)n j  X j . This is the desired inequality, since  j =
(K X , h)n j  X j holds by the definition of  j .
REMARK 3.12. In the above proof, the divisor 1 on W j may not be effective.
But it is clear that $

1 is effective (cf. the proof of [11, Theorem 1]). If we replace
X j by W j and X by the the ambient space of the embedded resolution $ : W j ! X j ,
we may reduce the above proof to the case that X j is already smooth. In this case we
may assume that 1 is effective.
Now we shall complete the proofs of Theorems 1.1 and 1.2.
Suppose that Theorem 1.2 holds for every projective varieties of general type of
dimension < n, i.e., there exist positive constants fC(k) (k < n)g such that for every
smooth projective k-fold Y of general type
(Y , KY ) ≧ C(k)
holds. Let X be a smooth projective variety of general type of dimension n. Let U0 be
a nonempty open subset of X with respect to countable Zariski topology such that for
every x 2U0 there exist no subvarieties of nongeneral type containing x . Such a set U0
surely exists, since there exists no dominant family of subvarieties of nongeneral type
in X . In fact if such a dominant family exists, then this contradicts the assumption
that X is of general type. Then if (x , x 0) 2 (U0  U0) n 1X , the stratum X j as in
Section 3.1 is of general type for every j by the definition of U0. By Lemma 3.10
and the definition of C(n j ), we see that
(6) C(n j ) ≦
 & 
1 +
j 1
X
i=0
i
!'!n j
  j
holds for W j . Since
(7) i ≦
ni
p
2ni
ni
p
i
+ Æ
holds for every 0 ≦ i ≦ r by Lemma 3.8, combining (5) and (6), we see that
1
n j
p
 j
≦
 
2 +
j 1
X
i=0
ni
p
2ni
ni
p
i
!
 C(n j ) 1=n j
holds for every j ≧ 1.
Using the above inequality inductively, we obtain the following lemma.
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Lemma 3.13. Suppose that 0 ≦ 1 holds. Then there exists a positive constant
C depending only on n such that for every (x , x 0) 2 (U0 U0) n1X the corresponding
invariants f0, : : : , r g and fn1, : : : , nr g depending on (x , x 0) (r may also depend on
(x , x 0)) satisfies the inequality:
2 +
&
r
X
i=0
ni
p
2ni
ni
p
i
'
≦

C
n
p
0

.
We note that fn1, : : : , nr g is a strictly decreasing sequence and this sequence has only
finitely many possibilities. By Lemmas 3.8 and 3.11 we see that for
m :=

C
n
p
0

,
jmK X j separates points on U0. Hence jmK X j gives a birational embedding of X .
Then by Lemma 3.9, if 0 ≦ 1 holds,
deg 8
jmK X j(X ) ≦ Cn
holds. Also
dim H 0(X , OX (mK X )) ≦ n + 1 + deg 8jmK X j(X )
holds by the semipositivity of the 1-genus ([7]). Hence we have that if 0 ≦ 1,
dim H 0(X , OX (mK X )) ≦ n + 1 + Cn
holds.
Since C is a positive constant depending only on n, combining the above two
inequalities, we have that there exists a positive constant C(n) depending only on n
such that
0 ≧ C(n)
holds.
More precisely we argue as follows. Let H be the union of the irreducible com-
ponents of the Hilbert scheme of projective spaces of dimension ≦ n + Cn and the
degree ≦ Cn . By the general theory of Hilbert schemes ([8, exposé 221]), H con-
sists of finitely many irreducible components. Let H0 be the Zariski open subset of H
which parametrizes irreducible subvarieties. Then there exists a finite stratification of
H0 by Zariski locally closed subsets such that on each stratum, there exists a simul-
taneous resolution of the universal family on the stratum. We note that the volume of
the canonical bundle of the resolution is constant on each stratum by [32, 21]. Hence
762 H. TSUJI
there exists a positive constant C(n) depending only on n such that
(X , K X ) ≧ C(n)
holds for every projective n-fold X of general type by the degree bound as above. This
completes the proof of Theorem 1.2.
Now let us prove Theorem 1.1. Then by Lemmas 3.8 and 3.11, we see that there
exists a positive integer n depending only on n such that for every projective n-fold X
of general type, jmK X j gives a birational embedding into a projective space for every
m ≧ n . This completes the proof of Theorem 1.1.
4. The Severi-Iitaka conjecture
Let X be a smooth projective variety. We set
Sev(X ) := f( f , [Y ]) j f : X ! Y dominant rational map and Y is of general typeg,
where [Y ] denotes the birational class of Y . By Theorem 1.1 and [18, p.117, Propo-
sition 6.5] we obtain the following theorem.
Theorem 4.1. Sev(X ) is finite.
REMARK 4.2. In the case of dim Y = 1, Theorem 4.1 is known as Severi’s the-
orem. In the case of dim Y = 2, Theorem 4.1 has already been known by K. Maehara
([18]). In the case of dim Y = 3, Theorem 4.1 has recently proved by T. Bandman and
G. Dethloff ([2]).
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